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In this paper, a new generalized algebraic method is proposed to construct a series of explicit exact
solutions of general nonlinear evolution equations with variable coefficients. Compared with most
existing methods, such as the tanh method, the extended tanh method, the Jacobi elliptic function
method or the algebraic method, the proposed method seems to be more powerful. The efficiency of
the method is demonstrated by applying it to the (1+1)-dimensional variable coefficients modified
Korteweg-de Vries (MKdV) equation and the (2+1)-dimensional variable coefficients Kadomtsev-
Petviashvili (KP) equation. A rich variety of new exact explicit solutions has been found. — PACS

numbers: 03.40.Kf; 03.65.Fd; 02.30Jr.
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1. Introduction

Many phenomena in physics and other fields are
described by nonlinear partial differential equations
(PDEs). When we want to understand the physical
mechanism of phenomena in nature, described by non-
linear PDEs, exact solutions for the nonlinear PDEs
have to be explored. Thus the methods for deriving
exact solutions for the governing equations have to
be developed. To study exact solutions of nonlinear
PDEs has become one of the most important topics
in mathematical physics. In the past decades, various
powerful methods have been proposed, namely the in-
verse scattering method, Hirota’s bilinear method, the
Backlund transformation method, the Darboux trans-
formation method, the tanh method, the variable sepa-
ration approach and the homogeneous balance method.
Among those, the tanh method [1] provides a particu-
larly straightforward and effective algorithm to obtain
solutions for a large number of nonlinear PDEs. Based
on the fact that soliton solutions are essentially of a
localized nature, one can write the solitary wave solu-
tion of a nonlinear equation as a polynomial of hyper-
bolic functions and transform it into a nonlinear system
of algebraic equations. In recent years, much research
work has been concentrated on the various extensions

and applications of the tanh method [2—4]. The basic
purpose of these papers is to simplify the routine cal-
culation of the method and to find more general exact
solutions.

In this paper, we shall develop a new generalized
algebraic method using symbolic computation, which
greatly exceeds the applicability of the existing tanh,
extended tanh, Jacobi function expansion, and some
other sophisticated methods in obtaining a series of ex-
act solutions of nonlinear equations. We can use the
method to reduce a nonlinear equation to a system of
algebraic equations by applying an ordinary differen-
tial equation. The characteristic feature of our method
is that, without much extra effort, we circumvent the
integration by directly getting a series of exact solu-
tions using an uniform way, which readily covers all
results of the tanh, the extended tanh, the Jacobi func-
tion expansion and some other sophisticated methods.
Another advantage of our method is that it is indepen-
dent of the integrability of the given nonlinear equa-
tions. Viewed as a special case of PDEs, the method
also applies to nonlinear ordinary differential equa-
tions (ODEs).

The paper is organized as follows. In Section 2,
the key idea of the new generalized algebraic method
is described. In Section 3 and Section 4, the pro-
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posed method is applied to the (1+1)-dimensional vari-
able coefficients modified Korteweg-de Vries (MKdV)
equations and to the (2+1)-dimensional variable co-
efficients Kadomtsev-Petviashvili (KP) equations. We
conclude the paper in the last section.

2. Summary of the Generalized Algebraic Method

Here we first describe the key idea of our method.
For a given system of nonlinear evolution equations
(NEEs) with independent variables x = (Xo = t, Xy,
X2,...,Xn) and dependent variables u, v

P(XO Et,X]_7X27...,Xn,U,V7UXi7in,

(1a)
uXin 7VXin gy uXilXi2 o Xin uXilXi2 Xy ) = 0:
Q(XOEt7X17X27"'7Xn7u7V7uXi7VXi7 (1b)
Unixj » Vxix; s - - '7Uxilxiz...xin7Uxi1xi2...xiN) =0.

In general, the left-hand side of (1a) and (1b) is a poly-
nomial in u, v and its various derivatives. Our method
for solving (1) proceeds in the following three steps:

Step 1. We assume that (1a) and (1b) have solutions
of the form

M . .
u=~Ao(x)+ 2 (AXP +Bi(x)P™), (2a)

N
v=ap(x)+ Y (aj(x)P! +bj(x)P7)), (2b)
where M and N are integers to be determined by bal-
ancing the highest order nonlinear terms and the high-
est order partial derivative terms in (1), P=P(&) and
& = &(x) are all differentiable functions, and P(£) is a
solution of the first-order nonlinear ordinary differen-
tial equation

P’<é>=e,/__i0cipi<é>, @

where € = +1. The positive integer n and the constants
¢ (i=0,1,...n)are to be determined. Then the deriva-
tives with respect to the variable £ become derivatives
with respect to the variable P as:

d g
- _ pi
aE fyf Z(')C'PdP’

@ Lf1a d & &

Step 2. Substituting (2a) and (2b) into the given
NEEs (1) and making use of (3), collecting all the
terms with the same order of PX and Pk\/z{‘zo GP
(where i = 0,1,...n), and setting the coefficients of
each order of PX and PX\/3" ciP' to zero, yields
a set of over-determined partial differential equations
with respect to the differential functions A;(x), Bi(x),
aj(x), bj(x) (wherei =0,1,2,...M; j=0,1,2,...N)
and & (x).

Step 3. Solving the over-determined partial dif-
ferential equations obtained in step 2 by using sym-
bolic computation packages like Maple or Mathemat-
ica, will lead to explicit expressions for A;j(x), Bi(x),
aj(x), bj(x) (wherei=0,1,2,...M; j =0,1,2,...N),
and £(x) or the constraints among them. We remark
here that the exact solutions of (1) depend on the ex-
plicit solvability of (3). The solution of the system of
algebraic equations will become tedious with the in-
crease of the values of M, N, and n. If n =4, (3)
gives a series of fundamental solutions such as polyno-
mial, exponential, soliton, rational, triangular periodic,
Jacobi and Weierstrass doubly periodic solutions. We
consider only the case n = 4 in this paper and take

P(&) =¢e{co+CiP(E) + cP?(&)

3 Y2 @)

+caP (&) +cPi(E)}
By considering the different values of cq, c1, ¢, Cs,
and c4, we find that (4) admits a series of fundamental
solutions, which are displayed in Table 1.

Remark 1. The algorithm is more powerful than
the tanh method [1], the extended tanh method [2],
the Jacobi function expansion method [3], and the al-
gebraic method [4]. To demonstrate this, we argue
here that various previously introduced methods are in-
cluded in our more general intermediate equation (4).
Let us consider the special cases A;(x) = A;, aj(X) = a;,
Bi(x) = bj(x) = 0 (where A; and a; are constants and
i=0,1,2,...M; j=0,1,2,...N) and &(X) = kot +
kixs + koXo + ... 4+ KnXn + @ (Where kg, kg, ko, ... Ky,
and ¢ are constants). Then our approach reduces to
the algebraic method proposed by Fan [4]. Also, for
thecase ¢ =¢c3 =0,Cy =c4 =1, and ¢, = 2, (4) has
the solution tanh & and our method reduces to the tanh
method [1]. In the case when ¢; = ¢c3 =0, g = C3/4,
and ¢4 = 1, (4) degenerates to a Riccati equation. In
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Co c C c3 C P Table 1. A series of fundamen-
- tal solutions of (4).
0 0 >0 0 <0 € /f—zsech(\/@.’,‘)
“ Note: g = _da and g3 = _dw
9 0 <0 0 >0 e /—C—Ztanh< —°£§> O
4cy 2¢y 2 are called invariants of the Weier-
0 0 <0 0 >0 e _gsec( —G6) strass elliptic functic_)ns,_ m is the
2 Cq modulus of the Jacobi elliptic func-
< C C2 tions; more detailed notations for
4cy 0 >0 0 >0 € 2cy tan <\/ 2 é) the Weierstrass and Jacobi elliptic
€ functions can be found in [5].
0 0 0 0 >0 -
V€&
c%mz(l — mz) Czr'T'\2 C
T e2m 1) 0 >0 0 <0 e c4(2mz—1)°"< 2mZ—1§)
(%(1 — rnZ) C2 C2
SR 0 >0 0 <0 \/ el \/Z_ng
(;%m2 szz C
G117 0 <0 0 >0 C4(mZ+1)5n m?+1'§
0 0 >0 40 0 Czsech2<g§>
0 0 <0 40 0 —C—Zse2<—wczg>
C3 2
1
0 0 0 #0 0 el
(9
£0 #0 0 >0 0 50(%5,92793)
cp sec? <}\/fcz§)
2
0 0 <0 — 1
2e\/—CyCstan E\/fczé +c3
cpsech? %ﬁé)
0 0 >0 - 1
2¢e,/CyC4 tanh <§\/§§> —C3
>0 0 0 0 0 /Go&
2
£0 0 0 0 _%, ab
CZ C1 4
& _a
20, >0 0 0 5 20, -«E—Cexp(s\/c—zé)
1 1
0 <0 0 0 —E-«—Esm(\/—czé)
0 >0 0 0 - RN Y N 13)
2¢y 2¢y ﬁ

this case our proposed method becomes the extended
tanh method [2]. If c; = c3 = 0, the results of (4) read-
ily cover the results of the Jacobi function expansion
method [3].

Remark 2. The proposed method not only gives a
unified formulation to construct a series of exact so-
lutions, but also provides a guideline to classify the
types of solutions according to the given parameters.
Furthermore, the proposed method is computerizable
in solving nonlinear equations by using symbolic soft-
ware like Maple or Mathematica.

In what follows we apply the generalized algebraic
method to the (1+1)-dimensional variable coefficients
MKdV equations and (2+1)-dimensional variable coef-
ficients KP equations to illustrate our algorithm, which
is more powerful than the tanh method and other so-
phisticated methods.

3. (1+1)-Dimensional MK dV Equation with
Variable Coefficients

It is well known that the Korteweg-de Vries (KdV)
equation plays an important role in soliton theory.
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Many properties of the KdV equation, such as symme-
try, Bdcklund transformation, conservation laws, Lax
pairs, Painleve analysis have been studied. Like the
KdV equation, the variable coefficients MKdV equa-
tion [6]

Ut -+ K (U + 6UP Uy ) +4Ko Uy — K3 (U+xuy) = 0, (5)

where Ky =K (t), Ko = Ka(t), K3 = K3(t) are arbitrary
functions of only t, is also of importance in mathemat-
ical physics. The MKdV equation and the cylindrical
MKdV equation etc. are special cases of (5) [6, 7].

Balancing the highest derivative term with the
highest order nonlinear terms in (5) leadsto M =1 or
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N = 1. Hence we may assume that

U(X,t) = AO(Xat) +A1(X7t)P(§ (th))
+ Bl(xvt>/P(§ (X’t))7

where Ag(x,t), Ai(xt), Bi(xt), P(&(xt)), and
E(x,t) = p(t)x+q(t) + ¢ are all differentiable func-
tions, and P(£) satisfies the ODE (4).

Substituting (6) along with (4) into (5), then setting

the coefficients of each order of PX and PK\/>* P!
(where k = 0,1,...) to zero, we get a set of over-
determined partial differential equations with respect
to the unknown functions Ag(x,t), A1(X,t), B1(Xx,t),
p(t), and q(t). Solving the obtained system leads to
the following three cases:

(6)

Casel. cp=c3=0.
Po(x.t) =0, Ag(x.t) = aexp (/ Kg(t)dt) . Bixt)=0, p(t)= xw,
—C4
()
ocexp ([ Ka(t)dt) (a?Ky(t)cpexp (2 [ Ka(t)dt) F 4Ky (t)c
at = [ — e g p.
Case2. ¢4 =0.
AO(X,t) - asclmzxp(f K3(t)dt)7 A]_(X,t) — O,
Co
Bi(x.t) = Forey/—Coexp (/ Kg(t)dt> . pt) = acexp (/ Kg(t)dt) : @®)
o (oPe? (—8cocoKa (t) +3ciKy (1)) exp (2 [ Ka(t)dt) — 32¢oKo (1))
qt) = / 8o, exp (/ Kg(t)dt) dt+ 8.
Case3d. c¢p=c; =0.
Ao(x,t) = crexp (/ Kg(t)dt> L Au(xt) = 404“ng Ke(®)dt),
Bi(x) =0, p(t) = OISO, ©
B 80ary/—Cy (0 (BcaCoKy (t) — 33Ky (t)) exp (2 [ Ka(t)dt) — 2¢3Ko (1))
at) == | = exp (/Ka(t)dt) dt -+ B,
and o and 3 are integration constants. 3113 o)
According to Case 1, we get the following exact so- U2 (t) = &4/~ cs(2m—1) Aulx ten ( 2me — 1§) ’
lutions of (5): c%mz(l—mz)
- —m, CQ > 0, C4 < 07 (10b)

U (xt) = & /—g—jAux,t)sechwaé),

Co =0,

(10a)

>0, c4<0,

Uiz (x,t) =€, /—ﬁAl(X,t)dn ( Zfzmz ) ,
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Fig. 1. The solution uy; with parameters ¢, = 0.5, ¢4 =
—0.25.
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Fig. 2. The Jacobi doubly periodic solution w with param-
eters ¢, = 0.5, ¢4 = —16.

_ G(-nm)
- C4(2— rT12)2’

c >0, c4<0,

(10c)

where &(x,t) = p(t)x + q(t) + ¢. The functions
As(x,t), p(t), and q(t) are given in Case 1, (7). The
plots for the solutions (10a), (10b) and (10c) are given

in Figures 1, 2 and 3.
Case 2 gives the following solutions:

B1(x,t
Ura(X,t) = Ag(X,t) + \/%( )
W<—€7927g3
4c
=0, >0, g= 031’ B=——

(11)
4cy
C3

)

il
0.59 ! : *i:i:ﬁ +
n,#»; ﬂﬂh
0.4 s 'ﬁ,:m'
0.34 ::":‘t‘:%“‘:: i

o.,,
0.24

0.11

Fig. 3. The Jacobi doubly perlodlc solution w3 with param-
etersc, =0.5, ¢4 = —16.
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Fig. 4. The Weierstrass doubly periodic solution w4 with
parameters cg = ¢; = —1.

where &(x,t) = p(t)x + q(t) + ¢. The functions

Ap(x,t), B1(x,t), p(t), and g(t) are given in Case 2, (8).
The plot for the solutions (11) is given in Figure 4.

Finally, Case 3 leads to
Uis(X,t) =

cp sec? (%\/——(:ﬁ)
2€/—CC4tan (%\/——cz&) +C3

AO(th) - Al(Xat)

)

c <0,
(12a)
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UlG(X,t) = AO(Xat)
cysech? (%\/C_zé)

2e.,/CrCatanh (%\/C—gé) —C3

where &(xt) = p(t)x + q(t) + ¢. The functions
Ap(X,1), Ar(x,1), p(t), and g(t) are given in Case 3, (9).

12b
C >0,( )

—A1(xt)

4. (2+1)-Dimensional KP Equation with Variable
Coefficients

In this section we consider the (2+1)-dimensional
variable coefficient generalized KP equation, which is
a better integrable model,

Uyt + h1 (Uyxx + BUUy 4 Bh3Uy ) x

) (13)

+ hZUyy - (hSt + 12h1h3) == 0,
where h; = hy(t), hy = hy(t) and hg = hs(t) are all ar-
bitrary functions with respect to t. When hy, hy, hs are
given by special values, (13) reduces to many of the
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famous nonlinear wave equations, such as the KdV
equation [hy = 1, h, = h3 =0, and integrating (13) with
respect to x], the generalized KdV equation [h; =1,
h, = 0, and integrating (13) with respect to x], the KP
equation (hy = hy =1, hg = 0) and the generalized KP
equation (hy = 1) [7-9].

Balancing the highest derivative term with the high-
est order nonlinear term in (13) leads to M = 2 or
N = 2. We thus may assume that

u(x,y;t) = Ao(X, y;t) +Ac(X, Y, )P(E (X, ;1))
+B1(x,y,1)/P(§(x,y;1))
+ A (XY PP (E (X, V1))
+ B2, t) /PP (E (X, W),

where AO(X7y7t)i Al(x7y7t)v Bl(xayat)! AZ(X7y7t)y
Ba(x.y;t), P(E(x, Y1), and &(xy,t) = p(y,t)x +
q(y,t) + ¢ are all differentiable functions and P(& ) sat-
isfies the ODE (4).

Similar to the solving process of the above (1+1)-
dimensional variable coefficients MKdV equation, we
obtain the following exact solutions of (13):

(14)

Casel: cp=c3=0, c3+#0.
Uaa (X ;1) = Ag(x,y,t) — g—zAz(x,y,t)sech%/—czg), =0, >0, c<0, (15a)
4
C C 2C B (X, y,t
o (X t) = Ao(x Y1) — 2 Ay tytanh? ([~ 2 )~ 2% Boleyl) (15b)
2Cs 2 C 2 C
tanh —=£&
2
. C2 2 C2
U23(X,y,t) - AO(X7y7t) - Z_AZ(vavt)tanh __é ) (150)
Cy4 2
2C By (X, y,t
U24(X,y,t) = AO(X7y7t) - _4 2( Y ) (15d)

C2 2 C2 ’
tanh ——
an ( 2 5)

where Ay(x,y,t) = —2c4 (exp ([ F(t)dt +a))?, Ba(x,y,t) = —2co (exp ([ F(t)dt+a))?, ¢, < 0, ¢s > 0, ¢y =

3 E(x,y,t) = p(y,t)x+a(y,t) + @. Here we omit the concrete expressions of Ap(X,y,t), p(y,t), and g(y,t) for

4cy!
complexity.
1
U25(X7y7t) = AO(X7y7t) +A2(X7y7t)?éza Co = 07 C = 07 Cq > 07 (15e)
e 2P —1 Ba(x,y,t
o(x8) = Aoyt) = oo gyt ([t ) - SERLHL BRI sy
2
o ( 27— 1€>
CQI'T'I2 2 C2
Uo7 (XY, t) = Ao(x,y,t) — W—]-)AZ(X’ y,t)en 1% )" (159)
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(a) 1 B

©

(b)

Fig. 5. The asymptotical property of the soliton solution ;.

Uzs (% ;1) = Ao (x,y,t) — C4(2CrT12 — ) BZ(X”(’:’” 7 (15h)
2 cn2 ( 2 5)
2me —1
where Ay(x,y,t) = —2c4 (exp ([ F(t)dt +a))?, Ba(x,y,t) = —2co (exp ([ F(t)dt+a))?, ¢ > 0, ¢s < 0, Co =

m(1-m?
- ST Sy = P X alt) + 0.
Remark 3. Here we have omitted the solutions in
terms of sec&, tané&, dn& and sn&. The Jacobi peri-
odic solution degenerates to the soliton solution when
m — 1. It is well known that soliton solutions and Ja-

cobi doubly periodic solutions are interesting and of
physical relevance. Here we take the solutions (15a)
and (15g) as samples to further analyze their proper-
ties by some figures (Figs. 5 and 6). When t goes from
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(© 1 b Fig. 6. The asymptotical property of the Jacobi doubly peri-
odic wave solution 7.

—oo 0 oo, they form their limit positions att = —eo  The properties are similar to the asymptotically stand-
asymptotically tends to their limit positions att = +-.  ing soliton.

Case2. ¢4 =0.

U (X, Y, t) = Ao(X,Y,t) — ?Al(x,yi)sechz (—”fé) , G=01=0, >0, (16a)
3
UZlO(Xayat) = AO(Xayat) - g—zAl(X,y,t)SGCZ ( gczé) ) Co=0C = 0: C < 0: (16b)
3

1
Ule(Xayat):AO(Xayat)—’—Al(Xayat)?&Z, COZCl:CZZO: (16C)
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@

©

C:
U212(X,y,t) = AO(Xayat) +A1(X,y,t)<@ <§é7927g3> 3

(b)

Fig. 7. The asymptotical property of the Weierstrass doubly
periodic wave solution up1».

(16d)

where c; =0,¢3 >0, gp = — 24, gy = %% £(x yt) = p(y,t)x+q(y;t) + ¢. The asymptotical behavior of the

C3

Weierstrass doubly periodic wave solution Eled) is shown in Figure 7.

5. Conclusion

In summary, a new generalized algebraic method
with computerized symbolic computation is developed
to deal with variable coefficients’ NEEs. Then, when
applying the proposed method to (5) and (13), a rich
variety of exact explicit solutions is obtained. As in-
dicated before, in Remark 1, the proposed algorithm
is more general than the tanh method [1], the ex-

tended tanh method [2], the Jacobi function expansion
method [3], and the algebraic method [4]. Moreover,
our method can also be applied to constant coefficients
NEEs.
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